UDC 551. 465.5 Within the framework of an reduced-gravity model of the ocean dynamics, we find a class of exact analytic solutions of the problem of description of nonlinear axisymmetric oscillations of a subsurface eddy under the action of stationary radial mass forces. The radial projection of the velocity of oscillations of this sort is a linear function and the azimuthal velocity, the thickness of the eddy, and the mass forces are polynomials as functions of the radial coordinate with time-dependent coefficients. The method used to find the analytic solution is based on the exact replacement of the original mathematical model by a system of ordinary differential and algebraic equations. A new class of motions of the eddy appears as a result of nonlinear interaction between the lowest mode of oscillations and the geostrophic circulation inside the eddy.
Introduction
Eddies formed in the ocean are characterized by well-pronounced variability as functions of time participating in horizontal displacements and oscillations about the center of mass [1] . The theoretical investigations of the dynamics of eddy formations are carried out by numerous researches by using various numerical and analytic methods. However, only for a small number of model situations, it is possible to find exact (explicit or implicit) analytic solutions of the problems on nonlinear oscillations of eddies. Investigations of this sort are carried out mainly within the framework of the so-called reduced-gravity model of two-layer ocean whose mathematical description formally coincides with the system of equations for long barotropic waves. This fact makes it possible to obtain analytic solutions of the problems of oscillations of oceanic eddies.
The analytic solution of the problem of axisymmetric oscillations of a rotating liquid in basins of paraboloidal form expressed via the elementary functions was obtained in [2, 3] . For motions of this type (seiches), the projections of the horizontal velocity are linear functions of the distance from the axis of symmetry of the model and the displacements of the free surface are quadratic functions of the indicated distance. In [4] , it is shown that oscillations of this kind form a fairly general class of oscillations of dynamic formations in the ocean and atmosphere described by shallow-water-type systems of equations.
The exact analytic solutions of the problem of description of horizontal oscillations of an eddy without changes in its geometric shape and radial inertial oscillations of the fields about the center of mass of the eddy were found for the first time in [1, 5] . The method used to find analytic solutions is based, as in the problems of oscillations of liquid in a paraboloidal basin, on the exact substitution of the original mathematical model by a system of nonlinear ordinary differential equations and finding of its analytic solutions. The procedures of finding analytic solutions of a similar structure used to describe nonlinear oscillations of elliptic eddies can be found in [5] [6] [7] .
A class of analytic solutions of the reduced-gravity model describing nonlinear inertial oscillations of circular eddies was found in [8] . As earlier, the radial velocity of motion of the liquid in the eddy is a linear func-tion of the radius. At the same time, the azimuthal velocity and the thickness of the eddy are polynomials of different degrees in the radial coordinate with time-dependent coefficients. In view the fact that the dependences of the azimuthal velocity and the thickness of the eddy on the radial coordinate are more general, the indicated solution is also more general and more realistic as compared with the solutions obtained in [1, [3] [4] [5] . Later, the new form of the solution was successfully used for finding a class of free nonlinear oscillations of the liquid in a basin of paraboloidal shape [9] .
In the present work, we construct a new class of exact analytic solutions describing nonlinear axisymmetric oscillations of a circular eddy under the action of a stationary radial mass force in the form of a polynomial in the radial coordinate. These oscillations of the eddy, just as seiches in the paraboloidal basin [9] , appear as a result of the nonlinear interaction of oscillations similar to those discovered in [1, [3] [4] [5] with the geostrophic current inside the eddy. An implicit analytic solution of the plane problem of oscillations of the frontal zone in terms of elliptic functions was obtained in [10] .
Reduction of the Mathematical Model to a System of Ordinary Differential Equations
Within the framework of the reduced-gravity model of the ocean, we consider nonlinear axially symmetric oscillations of a lens of light water (warm subsurface eddy) of density ρ 1 surrounded with a heavier liquid of density ρ 2 . We take into account the rotation of the Earth and the action of a time-dependent axially symmetric horizontal mass force ( X, Y ) . In cylindrical coordinates ( R, z, φ ) whose z-axis is directed vertically upward, the motion of water independent of the azimuthal angle φ is described by the following system of three equations (in the dimensionless variables):
where r is the distance from the vertical axis of symmetry, τ is time, {u; v} ( r, τ ) are, respectively, the radial and azimuthal projections of the horizontal current velocity, h ( r, τ ) is the thickness of the lens of light water, and {X ; Y} ( r, τ ) is the acceleration caused by the horizontal mass force. In passing to the dimensionless variables, as the units of current velocity and thickness of the eddy, we use the quantities C = g h ′ 0 and h 0 , respectively, where g′ = g 1 1 2 − ( ) ρ ρ , g is the acceleration of gravity, and h 0 is the maximum thickness of the eddy at time τ = 0. The radial coordinate and time are normalized to the quantities Cf −1 and f −1 , respectively. As the unit of acceleration caused by the mass force, we take Cf.
By analogy with [8, 9] , the solution of the system of equations of long waves (1)- (3) 
